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ABSTRACT: For commutative Euclidean time, we study the existence of field configurations
that a) are formal power series expansions in h#"”, b) go to ordinary (anti-)instantons as
ho" — 0, and c¢) render stationary the classical action of Euclidean noncommutative SU(3)
Yang-Mills theory. We show that the noncommutative (anti-)self-dual equations have no
solutions of this type at any order in h8*”. However, we obtain all the deformations —
called first-order-in--deformed instantons — of the ordinary instanton that, at first order
in hO"| satisfy the equations of motion of Euclidean noncommutative SU(3) Yang-Mills
theory. We analyze the quantum effects that these field configurations give rise to in
noncommutative SU(3) with one, two and three nearly massless flavours and compute the
corresponding 't Hooft vertices, also, at first order in h6#”. Other issues analyzed are the
existence at higher orders in h6*” of topologically nontrivial solutions of the type mentioned
above and the classification of the classical vacua of noncommutative SU(N) Yang-Mills
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1. Introduction

Instantons play a major role in the understanding of the non-perturbative properties of
QCD. The solution of the U(1)4 problem, the mass of the ' and the explanation of the
spontaneous chiral symmetry breaking in QCD furnish instances of issues where instantons
are the leading actors — see [I]] and [ and references therein. Two chief phenomena which
are at the heart of instanton physics are following. First, instantons interpolate in Euclidean
time between two classical vacuum states with winding numbers n and n + 1, respectively,
thus yielding the semi-classical contribution to the transition probability between these

two classical vacuum states. Secondly, in the presence of massless quarks, the instanton



transition leads to compulsory quark-anti-quark pair creation or, alternatively, turns a left
handed quark into a right handed quark.

Instantons also occur in noncommutative U(N) Yang-Mills theories, in spite of the fact
that, even classically, they are not invariant under scale transformations. It all started with
the construction of instantons in noncommutative U(1) theory by the authors of ref. [
— see also ref. [fl]. These instantons have no counterpart in ordinary space. Then instan-
tons in noncommutative U(2) theories were constructed [J—f], and thus was obtained the
noncommutative counterpart of the celebrated BPST instanton [[]. (Multi)-Instantons in
noncommutative U(N) gauge theories have also been constructed in refs. [[[0-[15] and [L6].
The physical effects of the noncommutative U(/N) instantons have been analyzed in a
number of papers. We shall just mention that the zero modes of the Dirac operator in a
noncommutative instanton background have been studied in ref. [[7] and that the quantum
corrections around such types of backgrounds have been worked out for N = 2 supersym-
metry in ref. [[§.

Noncommutative QCD was constructed in ref. [[J] as a part of the noncommutative
standard model — see also refs. [20] and [2J] and see refs. [R1, for other approaches.
In the generalization of ordinary QCD of ref. [[9], the noncommutative gauge field does
not take values in the Lie algebra of SU(3), but rather in its enveloping algebra. Actually,
the noncommutative fields are built from the ordinary fields with the help of the Seiberg-
Witten map [R4]. Thus it was circumvented what appears to be a shortcoming of the
standard framework of noncommutative gauge theories, namely that it can only be applied
to U(N) groups. Indeed, in this standard framework — see ref. [RJ] for a good introduction
to the subject — the noncommutative gauge field unavoidably takes values in the Lie
algebra of U(N), or direct products of such groups [Rf]. Some phenomenological [7,
and theoretical [R9—B1] properties of noncommutative gauge theories with SU(N) gauge
groups have been investigated so far, but, a lot of work remains to be done. In particular,
the study of the existence of instantons and, would they exist, the phenomena they give
rise to, is, up to the best of our knowledge, a completely unexplored territory. This is
in sharp contrast with the case of noncommutative U(/V) theories. Note that in the case
at hand, the SU(/V) theory is not included in the U(N) case, since the noncommutative
SU(N) gauge field does not take values in the Lie algebra of SU(N).

This paper is devoted — partially — to the study of the existence of field configurations
in noncommutative SU(3) Yang-Mills theory that generalize the ordinary instanton field.
We shall also analize the coupling between massless quarks of different chirality that these
configurations give rise to and compute the corresponding 't Hooft vertices at first order
in the noncommutative parameters h6*”. hO" define the noncommutative character of
space, for the coordinates no longer commute but satisfy [X#, X¥] = i h0"”. h sets the
noncommutative scale. Unless otherwise stated, we shall assume that Euclidean time is
commutative — i.e., that §** =0, i = 1,2 and 3, in some reference system —, thus, upon
Wick rotation the concept of evolution will be the ordinary one. Further, for this choice of
0" the Wick rotated action can be chosen to be at most quadratic in the first temporal
derivative of the dynamical variables at any order in the expansion in hf*” and, thus,
there is one conjugate momenta per ordinary field. This makes it possible to use simple



Lagrangian and Hamiltonian methods to define the classical field theory and quantize it
afterwards by using elementary and standard recipes. If time were not commutative the
number of conjugate momenta will grow with the order of the expansion in A and then the
Hamiltonian formalism will have to be generalized in some way or another [B3, B3. This
generalization may affect the quantization process in some nontrivial way and deserves to
be analyzed separately, perhaps along the lines laid out in ref. [BJ].

The layout of this article is as follows. In section fl, we look for — and conclude that
there are none — solutions to the SU(N) noncommutative (anti)-self-duality equations
that are formal power series in h6*, with % =0, i = 1,2 and 3. Section B deals with the
construction of field configurations that go to the ordinary instanton as h6** — 0 and that
render stationary, at first order in h#*¥, the action of noncommutative SU(3) Yang-Mills
theory. These field configurations will be called first-order-in-6-deformed instantons. In
section ], we study the coupling between light left handed and right handed fermions that
the field configurations found in the previous section produce and work out the appropriate
't Hooft vertices. We do this in this in theories with one, two and three light fermions.
The two- and three-light fermions cases are relevant in connection with noncommutative
QCD. In the last section, we summarize, draw conclusions and suggest how to carry on
with the program started in this paper to include corrections at second order in h0*” or
higher. The paper also includes five appendices. In appendix [, we consider an arbitrary
hé* and seek for solutions to the SU(N) noncommutative (anti)-self-duality equations that
come as formal power series in h§*”. The classical vacua of non-commutative SU(N) that
are also formal power series in h@"¥ are found in appendix B, when time is commutative.
Appendix |(J is devoted to the construction at first order in h#*” of the zero modes of the
kinetic term of the quantum gauge field fluctuations in the background of a first-order-in-
f-deformed instanton. We also compute the zero mode of the §—deformed Dirac operator
in that very background. In appendix [[J, we shall show that, when 6% = 0, i = 1,2,3,
no topologically nontrivial solutions can be found as power series in h#*” that solve the
equations of motion of noncommutative SU(3) Yang-Mills theory. Several formulae used
in the paper are collected in appendix [H.

2. Noncommutative SU(N) instantons

A noncommutative SU(N) gauge field, A,[a, |, — see R0] — is a self-adjoint vector field that
takes values in the enveloping algebra of the Lie algebra of SU(N) and that is obtained from
a given ordinary SU(NN) gauge field, a,, by means of a formal series expansion in powers of
ho* provided by the Seiberg-Witten map. As is well known, the Seiberg- Witten map is
not unique [B4-B4], so that we shall call standard Seiberg-Witten map the straightforward
generalization to SU(NN) of the original expression introduced by Seiberg and Witten in
ref. Bd]. The standard form of the Seiberg-Witten map reads

h
=, - 0°%{an, Opa, + fa,} + O(h%67), (2.1)

— h" d"7l [dA,
Av =t D g ]

h=0



where

dA,

dh

fuv stands for the ordinary field strength. The symbol x denotes the Moyal product of
. . ihpaBS o

functions, i.e., (fxg)(z) = f(x) exp(F0°7005)g(x), and {f,g}x = (f *9)(x) + (9% f)(x).

From the previous A,, one constructs the noncommutative field strength, Fj,, [as], as

1
== 0°P{An, D5 A, + Fiu s (2.2)

follows:

o h" dn! [dFW]

Fulal = 8,4, — 0,A, —i[Ay, Ay = fuu +W1 i a |,
h af h af 202
= f,uz/ + 59 {f,uaafuﬁ} - 19 {aa, (aﬁ + gﬁ)f,ul/} + O(h 0 ) (2'3)
Here, (A, A))y = Ay x A, — Ay x A, and
dF,, 1 1
d;: - §9aﬁ{Fua, Fuﬁ}* - Zeaﬁ{Aa’ (8/5’ + gﬁ)FHV}*‘ (2'4)

The action of a noncommutative SU(NN) Yang-Mills theory is given by

1
SNCYM =53 d4$ TI‘FMV *FMV

29
1 4 1 h 919
= ? dr Tr §fu1/fmx - Zeaﬁfaﬁfuufuu + heaﬁ fuafuﬁfuu + O(h 0 ) (2'5)

We shall take a, to be in the fundamental representation of SU(/N'). We shall only consider
ordinary gauge fields, a,, such that each term in the formal expansion on the r.h.s. of
eq. (B.5) is finite. Thus, we shall impose the following boundary condition on ay:

1
|z [?

au(z) — ig(x)d.g'(z) + O( ) as |z |— oo. (2.6)
g(x) stands for an ordinary SU(N) gauge transformation.

It is then postulated that Sxcym governs the dynamics of our SU(N) field theory on
the four-dimensional noncommutative Euclidean space defined by [X nX Y] =i h 0" with
6t = 0, Vi.

Let us introduce the noncommutative dual field strength, Fw,(x), and its ordinary

counterpart:

F/J,l/ = 5 €uvpo Fpoa f,ul/ = 5 €uvpo fpo-

Then, a noncommutative SU(NV) field A, [a,] has Pontrjagin index n if the following equa-
tion holds

n

~ 1672 /d4x Tr (Flv[ao] * Fﬂu lag] ) (). (2.7)

It can be shown [BI] that for ordinary gauge fields satisfying the boundary conditions in
eq. (B.6), the Pontrjagin index of A,[a,] is equal to the Pontrjagin index of the ordinary
field, a, that defines the former as in eq. (R.1]). Indeed,

/ d% Tr (Fylag] * Eplag] ) () = / 2 v fo () fo (2): (2.8)



We shall say that A,[a,], defined by a given ordinary field a, as in eq. (1)), is a
noncommutative SU(N) instanton if it has Pontrjagin index — see eq. (R.7) — equal to
one and it is a solution to the self-duality equation:

Fuw las] = Fu [aq]. (2.9)

It is not difficult to show that every noncommutative SU(/N) instanton renders stationary

the action in eq. (B.§). Indeed,
1 4 ~ 1 4 ~ ~
SNCYM::F@ dr TI‘F;LI/*F;U/_F@ dz Tr[(F/Jl/:l:Fpl/)*(Fpl/inl/)]- (210)

Both sides of the self-duality equation — eq. (P.9) — are defined as formal power
series in h0* — see eq. (2.J) — around the appropriate ordinary object: fuw or fw-
Hence, one would like to find solutions to this equation that are formal series expansions
in powers of h6"*” around topologically nontrivial solutions to the ordinary self-duality
equation f,, = f;w- We shall show below that no such solutions exist if 84 = 0 in a given
reference system.

Let a,, a solution to eq. [£.9), be given by the following formal power series in h6":

auh)(x) = o (z) + D 1*afP (@), (2.11)
k=1

(k)

where a,,’(z) is a homogeneous polynomial in 8*” of degree k whose coefficients are func-
tions of x that take values in the Lie algebra of SU(/N). Then, using the expression for
F,[as] on the second line of eq. (R.3), one concludes that the following equations hold

0
f;(w) = f;w’ (2.12)
1 le} 0 1 1 « 0
@ﬁo)af}) - @l(/o)af}) + 59 7 {fﬁ(;?’f,sg)} = 9Cuwpo (@E)O)af}) - 920)%(71) + B 0 B{f,gg),fég)}>7

where ’}D( JalV) = =0, alt — [a,(?), alt )] Since al' )( ) takes values in the Lie algebra of SU(N),
not U(N), the trace over the SU(N) generators of both sides of the second equality in the
previous equation yields

(© (©
0°° ff O)“f Jo— — g Vpafpo)“fo )9, (2.13)
!(L,O,) “ stand for the components of fﬁ) in terms of the generators, T%, of SU(NN). Now, since
6"t = 0, we can always choose #12 = § and #?' = —@ as only non-vanishing components
of 0. For this 0" it is not difficult to show that the set of equations constituted by the

first equality in eq. (B.19) and the identity in eq. (R.13) is equivalent to the following set
of equations:

Oa _ 0a  ,0a_ _40a 0)a_ (0)a
12 34 > 13 24 14 23
STHP D+ (A + (A ? =0 (2.14)

a



(0)

From this set of equations one readily concludes that a,’ has vanishing field strength, so
that it is gauge equivalent to the vanishing gauge field.

We have shown so far that when the standard Seiberg-Witten map — defined in
egs. (2.) and (2:3) — is employed to define the noncommutative field strength F),,, the
self-duality equation — eq. (B.9) — has no solution of the type displayed in eq. (2.17]). We
shall show next that this state of affairs remains unaltered for the most general type of
Seiberg-Witten map. At first order in h6*”, the most general expression for the Seiberg-

Witten map reads

h
A, =a, — Zﬂo‘ﬁ{aa, Ogay, + fgu} + k1 h0P D, fap + K2 h0*P D (a0, ag]
+r3 b0, D" f,5+ O(h?0?), (2.15)

where x;, 1 = 1,2, 3 are arbitrary real numbers. The noncommutative field strength for the
previous noncommutative gauge field is given by

h h o
F,uz/ = f;w + 59aﬁ{fua, fuﬁ} - Zaaﬁ{aa, (aﬁ + Qﬁ)f,ul/} — iK1 ho ﬁ[f;uza fozﬁ]
—ikiy R0 [ fu, [aa, agl] — k3 h(0,°D,D” fo5 — 0,7 DD fo5) + O(h?6?).

Substituting this expression in both sides of eq. (2.9), one concludes that eq. (R.I3) is not
modified by the new terms in the previous F},,. Hence, no solutions to the noncommutative
self-duality equation can be found by using formal powers series in h6*” around ordinary
fields with non-vanishing instanton number.

It is clear that the result we have obtained for the self-duality equation also carries
over to the anti-self-duality equation:

—F

F -

2

The reader may wonder what would the situation be had we assumed an arbitrary 6#~.
In appendix [A] we show that the self-duality equation defined by the standard Seiberg-
Witten map has topologically nontrivial solutions of the type in eq. (R.11) if, and only if,
o is self-dual: 6, = %GWWHPU. Actually, these solutions are the ordinary gauge field
configurations that are self-dual. Analogously, the anti-self-duality equation has solutions
of the type in eq. (.I]) with non-vanishing Pontrjagin number if, and only if, 0* is anti-
self-dual: 6, = —%EWPJHW. These solutions are ordinary field configurations that are anti-
self-dual. In other words, if #*” is self-dual, the standard Seiberg-Witten map in eq. (R.1)
maps ordinary (multi-)instantons into noncommutative (multi-)instantons and if 0*¥ is
anti-selfdual, the standard Seiberg-Witten map maps ordinary (multi-)anti-instantons into
noncommutative (multi-)anti-instantons.

3. First-order-in-f-deformed instantons

In this section we shall look for ordinary field configurations, a,[h](x), that render station-
ary the action of Euclidean noncommutative SU(3) Yang-Mills theory up to first order in
hO* and that admit a formal series expansion in powers of h6*”. We shall further assume



that these field configurations have a smooth dependence on the space coordinates, that
they satisfy the boundary conditions in eq. (R.4) and that they go to the ordinary instanton
as h — 0.

From eq. (R.H), one derives the following equation of motion up to first order in h9*":

1
Tr T° [@wa + hg*s {fuﬁ, ~Dofou+ §©”f““H =0+ O(h%6?). (3.1)

oinst

Now, any ordinary SU(3) instanton, aj,

, has the form

azinst (CC) _ UCLEPST (m)UT,

BPST
"

hand corner embedding in SU(3) of the ordinary SU(2) instanton, which can be written as

where U is an arbitrary rigid SU(3) transformation and 275" (z) denotes the upper-left-

BPST (11—-$0)V a

a, (-%') = Nauv (.%' — -%'0)2 T p2 (32)

in the regular gauge. T% a = 1,2,3 denote the upper-left-hand corner embedding of
the SU(2) generators into the SU(3) generators and 7, stands for the self-dual 't Hooft
symbols [BY].

Since eq. (B.1]) is invariant under SU(3) transformations, we shall find first a solution
to it of the form

au[h] = a;"5" + hb, + O(h*6%). (3.3)

Then, we shall apply to this solution an arbitrary rigid SU(3) transformation. This type
of solutions will be called first-order-in-f-deformed instanton. b in eq. (B.J) is an SU(3)
Lie-algebra-valued smooth vector field which is linear in 8*” and vanishes rapidly enough
at infinity.

Let us substitute the previous a,[h] in eq. (B.J]) and discard any contribution of order
h2?62. Of course, the order h° contribution thus obtained is satisfied by construction:

DT f T = 0. The order h¢* contribution yields a non-homogeneous equation for b,:

—Tr Ta [bua 5EST] + Tr Ta [@EPST@BPSTbV _ @EPST@EPSTbM]

jan vo

1
— 5 TI' Taeaﬁ{fllngT’ ©3PSTfBPST _|_ @BPSTJCBPST . (34)

The action of [T, ], a € {1,2, 3} over the generators of SU(3) defines four irreducible repre-
sentations of SU(2): a spin one representation acting on the linear span of {Tl, T2, T3}, two
spin 1/2 representations acting on the linear span of {T%,7° 7%, T} and a singlet acting
on T8. On the other hand, if a,b € {1,2,3}, we have {T%,T%} = %5abﬂ+dabcTC]a7be{172,3} =
1090 + %5“5’178. This last identity implies that the r.h.s. of eq. (B.4) is non-zero only for
a = 8. Let us express b, as

7
by = b5 + b5, (T = "o Te (3.5)
c=1



Then, taking account that the action of [T%,], a € {1,2,3}, does not mix the irreducible
)

representations mentioned above, one concludes that the equation of motion for bl(,l"'7

decouples from that of b5. For b,(,l"'7) the equation of motion reads

(@EPST(@EPSTbl(/l...'?) _ @SPSTbl(}...'?)) _ Z‘[bl(}..i)’ fllj;ST])a =0, a€l,... T, (3.6)

whereas for b5, we have the following non-homogeneous equation:

9o
2V/3

(@0 — 0,0,) bz8/ = Z

a

[ EESTG(QOB[PSTfI}EiST +©EPST 1}/3aPST)a]. (37)

Let us first solve this second equation. The most most general solution to eq. (g) is
of the form bi = bﬁ(hom) + bi(p art), bi(p art) being a particular solution to it and bi hom)

denoting the most general solution to the corresponding homogeneous equation

(8, — 8,0,,) b5 = 0.

Any solution to the latter equation which is smooth and vanishes at infinity reads bi(hom) =
0,¢, where ¢ is an appropriate function. Recalling that T8 commutes with 7%, a € {1,2, 3},
one concludes that this bi(hgm) can always be generated by applying to a,[h] in eq. (B.3)
the following gauge transformation: g(z) = eih®(@)T* We are thus left with the problem of

. . . 8 (part
finding a particular solution, bu(p o ), to eq. (BA).

(part)

Let us assume that bi satisfies the transversality condition 8Mbi(p @) — 0 and has

the following form:

~ ~ 1

bi(part) = H;W(x - xO)uf[(x - xO)Q] - Hﬂl/(x - xO)ug[(x - xO)Q]a H;W = §€;L1/p0'9p0'5 (3-8)

where ¢ is the centre of the ordinary BPST instanton. Then, eq. (B.]) boils down to the
following equation to be satisfied by f[(z — 20)?] and g[(z — 0)?]:
48p4

3y + (x —x0)%y = — , y=1rg
b =m0 = = R — a0 1 T

A solution to this equation that is smooth and vanishes at infinity is given by

2 r?43p?
) = Sl = a0)"] = gl —0)’) = T=rra

where r = (z — x9)%. Substituting the previous result in eq. (B.§), one finally gets that,
modulo gauge transformations, the solution, bﬁ, to eq. (B.7) that is smooth and vanishes
at infinity reads

~ r2 + 3p?

(HW(QU —T0)y — HW(QU - Z0)v) (

b8 _ b8 (part) _ .
“w o r2 +p2)3

(3.9)

Sl

2

Again, r? = (z — z0)%.



Let us now solve eq. (B.6). Using the fact that fwt = ffST and the relation [f,,,] =

i[®,,D,], this equation can be turned into the following equality:

1 a
_ §€ﬂUPU[QEPSTbgl...7) _ @EPSTbE)L.])]}) =0,

a€l,...,7. (3.10)

(gEPST{[QEPSTb(Vl..J) _ QEPSTbl(}..])]

We shall show next that any smooth b;(}"j) that vanishes at infinity is a solution to the

previous equation if, and only if, it solves the following equality:

[@BPSTbI(jl..J) _ @EPSbe}..J)] _ %fuupo[Q?PSTbgl"'7) _ @EPSTbgl...'?)] = 0. (3.11)

Let €, denote the left hand side of the previous equation. Then eq. (B.1() reads
DT, = 0. (3.12)

Since 1, is an anti-symmetric and anti-self-dual object, it has the following representa-
tion in terms of the symmetric spinorial object Q*7: Qu = i(ow)ap Q8 where O =
— (0,0, — 0,6,) with 0, = (¢,4) and &, = (—&,4). In terms of Q. eq. (B:19) reads

tr (UVQLBLPST@LQT) =0,

where tr stands for the trace over the spinor indices and Q7 is the transpose of  with
regard to the latter indices. Since {0, } is an orthogonal basis of the 2 x 2 matrices, the
previous equation is equivalent to

~ T
D, 00 =0.
Applying DB, to this equation, one concludes that
(@BPST)Q QT =0.

Indeed, just take into account that o,0, = —6,, — 2i0,, and that Uw,fffST = 0. The
latter equality is a consequence of o, being anti-self-dual and f7°" being self-dual. Now,

n
(DPPST)2 is a positive definite operator, so that it has no normalizable non-vanishing eigen-

vectors with zero eigenvalue — see [Bg]. Hence,
Q= o.

Recalling that Q,, = i(a,w)aﬁ Q8 we conclude that 0, (x) — smooth anti-symmetric
anti-self-dual object that vanishes at infinity — satisfies eq. (B.19) if, only if, Q,,(z) = 0.
We have thus shown that solving eq. (B-I() is equivalent to solving eq. (B.11)) for smooth
functions that vanish at infinity rapidly enough. Now, eq. (B.I1)) is the equation for the
zero modes of the ordinary SU(3) instanton [i(]. Hence, the b7 we are looking for
are linear combinations of those zero modes with coefficients that depend linearly on 6*¥,
and can thus be obtained by deforming infinitesimally the collective coordinates of a given
SU(3) ordinary instanton. Since this deformation yields another SU(3) instanton, we shall



set, without loss of generality, b,(,l"'7) to zero. Substituting both this result and eq. (B.9)
in eq. (B.§), and the result so obtained, in turn, in eq. (B.J), one gets the most general
first-order-in-6-deformed instanton, a,,[h] (gen) in the regular gauge:

au[h) & (z) = Uay,[h](z)UT. (3.13)

Here, U is an arbitrary rigid SU(3) transformation that does not leave a,[h] invariant and
aylh] is given by

2 24357

aulh] = 25T 4 B TS 7 O Ou)(z — x0), RO

(3.14)

where a;;"®" is defined in eq. (B2) and r? = (z — z0)%.
It can be shown that a,[h] has instanton number equal to 1 and that its contribution
to the noncommutative Yang-Mills action in eq. (R.1(]) reads

8 2
Sneym = giQ + O(h*6?%).

Hence, at the order we are working — first order in h§*” — a,[h] gives no correction to

the famous value — 89%2 — of the corresponding ordinary theory.
From eq. (B.1d), one learns that, at first order in hf*”, the moduli space of non-
commutative SU(3) Yang-Mills theory has dimension 12 for the k& = 1 instanton sec-

tor. Indeed, as in the ordinary case, there are 12 collective coordinates that parametrise
au[h]g" (z) in eq. (B.13): p, x5 and the seven angles of the coset space SU(3)/U(1).
In the next section and in appendix [J, we shall use our generic first-order-in-6-deformed

instanton in the singular gauge, which we shall denote by aflgsmg). a&gsmg) is given by

a&gsing)(x) — Uau(ac)(smg)UT,
2
sin, = p (x - CC()),/ a
au(x)( g)(x) - nauy (1_ . xo)z[(x — .%'0)2 T pz] T
2h ~ (z — x0)? + 3p*

+% (0 — 0)pa(z — 20)a (@ —20) 1 P2

7% a = 1,2 and 3, stand for the upper-left-hand corner embedding of the SU(2) generators

T8. (3.15)

in the generators of SU(3), both sets of generators being in their fundamental representa-
tions. a,(x)®"8)(z) is obtained by applying to a,[h](x) in eq. (B-14) the following SU(3)
gauge transformation g(z) = M, where 77 = (7, —i) and 7 = (7}, 72,73).

We shall close this section by making the connection between the first-order-in-6-
deformed instanton in eq. (B.14) and the classical vacua of noncommutative SU(3) Yang-
Mills theory. In ordinary SU(3) Yang-Mills theory the instanton interpolates — along
Euclidean time — between a classical vacuum in the distant past that has winding number
n and and a classical vacuum in the distant future with winding number equal to n + 1.
We shall see below that the same type of phenomenon occurs when our first-order-in-6-
deformed instanton is at work. Since the phenomenon in question is most easily exhibited

in the Euclidean temporal gauge, we shall perform a gauge transformation so that our

,10,



first-order-in-f-deformed instanton satisfies the gauge condition a4[h] = 0. Our first-order-
in-f-deformed instanton in the temporal gauge, a4[h| = 0, reads thus

a;[R]'PON(E, ) = g(F, m)a[h](2)g(Z, ) +ig(# T)0ig(E, )T, i=1,2,3,
where x = (Z,7), a;[h](z) is given by the r.h.s of eq. (B.14) and
g(f,T) _ ( i [T as[h](Z, t)dt)g_(f),

as[h](#,t) is defined by the r.h.s. of eq. (B.14) and g_(%)e SU(3) is such that g (| ¥ |—
o0) = 1. We see that a;[h]**™Poral (1 = —00, ) = ig_(Z)0;g_(Z)! and that a;[h]temPoral(r =
+00, %) = ig+ ()d;g4 ()T, with

, —iTTS By . e 2 - 272 + 5p?
— T — T%) g_ =h—=00iTi 75
g+(:c) exp |: P p2:| exp[ T (x) ] g (:C), @ (:C) \/g 0 (jQ + ,02)5/2

Now, it can be shown — see appendix [fJ — that, for commutative time and in the temporal
gauge, all classical vacua, a;(Z)[h], of the noncommutative Yang-Mills theory that admit
a formal series expansion in powers of h@"* are of the form a;(Z)[h] = ig(¥)9ig(Z)" —
g(%)e SU(3). Now, if a; (#) has winding number equal to n, a; (¥) has winding number
equal to n + 1: notice that the famous hedgehog matrix occurs in the definition of g (Z)
and that exp(—im¢®(Z)T®) has vanishing winding number. We have thus shown that for
noncommutative SU(N) Yang-Mills theory, when time is commutative, our first-order-in-
f-deformed instanton field connects along Euclidean time a classical vacuum in the distant
past with a classical vacuum in the distant future, the latter having a winding number
which is one unit greater than the former’s. This transition cannot be accomplished by
continuous evolution along the classical trajectories — i.e., solutions of the equations of
motion on noncommutative Minkowski space-time — since it involves a change of the
winding number. The phenomenon, as in ordinary Minkowski space-time, is a genuine
quantum effect: the transition is realised by tunnelling between the two vacua. We shall
analyze this tunnel effect in the next section.

4. Vacuum to vacuum transition and ‘t Hooft vertices

For Euclidean signature and at first order in h6*”, the action of non-commutative SU(3)
gauge theory with n; Dirac fermions is obtained by adding to Snxcywm in eq. (BH) the
fermionic action Sg, which is given by:

ny
Z /d Klau] +imylby. (4.1)

Here, IC denotes the following §-deformation of the ordinary Dirac operator i/p[a,]:

. th ih
Klaw] = iPla,] — E‘gaﬁ’YpfpaDﬁ[au] + geaﬁ’Yu(@ufaﬁ)[au]- (4.2)
This operator has — at least in perturbation theory in h6*” — a discrete spectrum for

gauge field configurations such as aflgsmg) in eq. (B.1§). See ref. [E]] for further details.

— 11 —



Let us denote by aj, the quantum fluctuations around the the first-order-in-6-deformed

(gsing), al = ajy, (gsing) ag,. Then, in the first-order-in-¢-

deformed instanton transition, the vacuum to vacuum amplitude for the noncommutative

instanton in the singular gauge, a,

gauge theory with action S = Sncym + Sr is given, at one-loop level, by the following path
integral in the background-field gauge:

(vac,n = 1jvac,n = 0)

_ o / /da /dc dc® /Hdwfdwf

ke G M )+ [ Mgk a <g3'"g)] LT, Jate i [Klaf " im s
,1/

82

— ¢ 92 / dy J(v) (detl (Mzz[aggsing)]» det( Mab[ (gsmg)])

X H det (— Kla{&™®)] — imy). (4.3)

Let us spell out now what the new symbols in the previous identity stand for. |vac,n = 0)
and |vac,n = 1) denote vacua corresponding, respectively, to gauge field configurations
with winding number n = 0 and n = 1, these vacua being connected by our first-order-

in-f-deformed instanton. -« denotes the collective coordinates of a,(tgsmg)

, namely: its size
p, its center xy and its orientation — given by U, a rigid SU(3) transformation — in the
Lie algebra of SU(3). J(v) is the collective coordinates Jacobian, which is computed, in
appendix [0, from the zero modes of the operator MZIL [af)gsmg)] defined below. The fields
c® and ¢* are the ghost fields introduced in the gauge-fixing procedure. The operators

MZIZ, [a;gsmg)] and M7y [a&gsmg)] are defined by the following identities:

52 SneyMm
ab sin, _ C
M b [al (s g)] W'

M®aEm9)] = — (D2[aee)]) . (4.4)

o sing) + D [aF D P[],

al=as

Here, ’D“b[ (gsmg)] 9,09 — fabeq c(gsmg)( ) and Sncyw is given in eq. (R.§). Let us finally
note that det’ M“b [a (gsmg)] indicates that the zero modes of /\/lab 2 la (gsmg)] — see appendix
— are to be left out when computing the determinant.
Now, as shown in appendix [J, IC[aLgSing)] has a zero mode, at least at first order in
h6*". Hence,
det (—K[a&gsmg)] —imy) = —imy H - mf (4.5)
A>0

where A denotes a generic positive eigenvalue of Kla (gsmg)]. To obtain eq. (fL.H), we have

taken into account that the non-zero eigenvalues of Kla Lg81ng)] come in pairs (A, —A). The
spectrum of K[aflgsmg)] is discrete, at least in the perturbative expansion in h6*", due to

the fast fall-off of aflgsmg) at infinity.
That the vacuum to vacuum amplitude in eq. ([.3) vanishes, or nearly vanishes, when
massless, or nearly massless, quarks couple to the first-order-in-6-deformed instanton can

- 12 —



be seen as a consequence of the U(1)4 anomaly. Indeed, using the results in refs. [B1, (],
one concludes that in the first-order-in-6-deformed instanton transition the chiral charge
associated to each massless flavour, f, changes compulsorily by two units: the first-order-in-
f-deformed instanton turns a left handed quark into a right handed quark. This selection
rule would be broken by a non-zero (vac,n = 1l|vac,n = 0). Since the first-order-in-6-
deformed instanton turns a left-handed quark of massless flavour into a right-handed quark
with the same flavour, to obtain non-zero amplitudes one must insert enough pairs of quark-
anti-quark fields between |vac,n = 0) and (vac,n = 1|. Indeed, the quark propagator of

the flavour f in the first-order-in-A-deformed instanton reads

= vo(@)wo(y)! er@) A (y)
(W ()ib(y) ) Py = — == - A (4.6)
! ! imy ;) A+imy
where 1p(z) stands for the zero-mode of K[aflgsmg)] worked out in appendix [ and v, (x)

denotes generically the remaining eigenfunctions of this operator. Suppose now that the
masses of the ny quark flavours are taken to zero. Then, in this chiral limit, the Green
function <H;i1 Y1 (@)(y) p)09¢finst) has a non-vanishing value, for the pole at m; = 0 of
the propagator in eq. (@) cancels the linear contribution in my to the determinant in
eq. (LY.

As in the ordinary case [Bg], the coupling between left-handed and right-handed mass-
less quarks through the first-order-in--deformed instanton can be mimicked by using an
effective Lagrangian. This coupling does not occur at any order in the perturbative expan-
sion in powers of the coupling constant and the effective Lagrangian, Leg = ZZ’;O Loy,
that simulates it is a sum of non-local interactions — called ’t Hooft vertices —, each
involving 2n fermions. In these non-local interactions quarks are emitted or absorbed
in the zero-mode wave function ty(x). The contribution Lg, matches, as my — 0 —
f=1,...,ny —, the leading contribution to the amputated Green function obtained from
(Ilp=y ¥y (= )W(ypr) ) (0definst) - The amputation is to be carried out with the Dirac free
propagator, and {¢ s (x)} stands for any set of n — with n < ny — fermion fields. Now, it
is further assumed that the previous Green function is normalized to the vacuum to vacuum
amplitude in the perturbation theory background a, = 0. Below we shall work out this ef-
fective Lagrangian for one, two and three nearly massless flavours —i.e., ny = 1,2 and 3 —
to obtain the first order in 6 corrections to the ordinary results obtained in refs. [i3, B4, B

4.1 One light flavour

In this case we need to compute the leading contribution as, say, m; = m — 0, to (vac,n =
ljvac,n = 0)/(vac,n = Olvac,n = 0) and ((z)yf(y))@deisY) /(vac,n = Ojvac,n = 0).
¥ (x) denotes the field of the light quark. It turns out that the contribution to (vac,n =
llvac,n = 0)/(vac,n = Olvac,n = 0) which is linear in #*” vanishes since it must be

proportional to 6,,9,., g, being the space-time metric. Hence,

(vac,n = 1jvac,n = 0)@definst) N / dp d*zg

ne=1
~ p5 dé ! )(p) mp,

(vac,n = Olvac,n = 0)

,13,



where d( ~ )(p) is the ordinary “reduced” instanton density [A]:

2 6 (82
d(()nf)( ) = ot (9 (P)) ‘ (92@)).

Ch,

scheme.
Unlike (vac,n = ljvac,n = 0)/(vac,n = Olvac,n = 0), ((x)P(y))0eist) /(vac,n =
O|lvac,n = 0) receives contributions which are linear in ##¥. Indeed, mp < 1 leads to

{1 ()T (y)) Oaefinst)
(vae,n = Olvac,n = 0)

4 _ Ty —
%/dl)d $0dUd(nf:1)(p)mp¢0(l“ 20)%o(y — Zo)

p° 0 —im

dpd*zodU  (n,= a
= / P a0 (0) |08 (=m0l Ty =)+ hpl (@ = 20)9 ™ (y— o)

0
+ 1§ (@ —20) i (y —20) +hisl (2 —0) 5™ T (y— o)
+ 1§ (@ —20) 0 T (y—10) + O(h262) ],

is constant which depends on the number of light flavours and the regularization

where wéo) (x) is the zero mode of the ordinary Dirac operator in the ordinary instanton
field, and hwéla) (z) and hp(®) are the corrections of order hO*" to wéo) () that make, at
first order in hO | y(z) = (0)( )+ hwo ( )+ hi/}élb) (x) the zero mode of the operator
K[a&gsmg)]. See appendix [J, for definitions and further details. Since SU(3) is compact, and
following ref. [[i], the averaging over SU(3) first-order-in-6-deformed instanton orientations
is carried out by using the first two SU(3) integrals in eq. (E-3) of appendix [H.

Let 7*, a = 1,2 and 3 denote the upper-left-hand corner embedding of the SU(2)

generators in the generators of SU(3) in the fundamental representation. We define 7’3: =

(T, F4), T = 33 (T 7 — 7, 7,7). Then, taking into account the definitions in eqs. (c11),
(C:12d) and (C13) of appendix [d, and using the conventions in appendix [{, one obtains

the following expressions:

@) = % SO — Aoy — 70 Palis U775 U o,

S (@50 (9) = —¢(9€)(Fpo(y)(y = 20)p(y = 20)atRac (W) = o)1 (Y = ¥o) Prlij

x[UT,:TerUT]mn,

= S 0@ W)y — 70)al¥ — F0) %120 P U7 7 U o,

(ny=

from which one concludes that the effective Lagrangian £ g Y (x) is given by the following

equations:

/d4 8= () = /d4x £O(x)+/d4x £(z),

4
2o@) = [ Ly pymp, a(w) = [ L) [ e o),
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Wa(p) = y“”( ) +h ) (),
Wp) = £ pQr(p)QL(p),

3
W00) = 1 p[Srr)Qu(p) - Cale)S1 )
~ Raor(0)17 Q1 (P) = Qo Raoii (b)) (4.7)
where
Q(p) = ¢/ (Wuk(p), Qlp) = ¢/ (Wu'b(p)

Rao(P) = (=0palhpe (1) + Ay (W))uth(p),  Rao(p) = (—0pal’hy(u) + AL, (u)ut(p),
S(p) = M Yol ¥(p), (p) = ME@)#%,

u

©

with u = \/7 Derivatives with respect to u are denoted by the super-script /. In eq. (E.3))
in appendix [H, the functlons d(u), I'pe (1), Aag (1) and Xae(u) are given in terms of modified
Bessel functions. y2 ( ) is the ordinary result — see refs. [, f] — and yél)(p) is the first
order noncommutative correction. Note that neither y§° (p) nor y; (p) are invariant under
chiral transformations. This shows that the classical chiral symmetry of the massless theory
is broken in the quantum theory.

One expects that the previous effective Lagrangian gives right Physics in the low energy
regime: pp < 1, hd"p~2? < 1. Using the low-momentum approximations in appendlx@

one obtains the following low-energy expressions for the two-field contribution to E(nf :

23
o) =i [ o) T ) [+ KT ),

Here, T = —ﬁ(@ - é)uyfya,/pupa, with Yo, = 4%[%4, v]. Notice that the ordinary contri-
bution to L2(p) just above acts like a mass term. This interpretation is spoiled by the first
order corrections in hf"".

4.2 Two light flavours

Now, in eq. (), ny = 2 and mysp < 1, f = 1,2. The effective Lagrangian, Eigfﬂ) (z),
that yields the my; — 0 leading contributions to

{vac,n = ljvac,n = 0) Wf(@lb}(y»(edeﬁmt) and <Hf:1,2 Zf)f(ﬂffW}(yf»(GdeﬁnSt)
(vac,n = Olvac,n = 0)" (vac,n = Olvac,n = 0) (vac,n = Olvac,n = 0) ’
reads
o dp (n
oo i = fae [0 TH s umsi)
=12

d d
/H pj q] 50> pi— D 4| Lalprp2ariq2). (48)

j=1 2 j=1,2 j=1,2
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Here, V2 (z,10) is obtained from the corresponding expression in eq. (f.7) by performing
the Fourier transform and then applying it to the fermion 1, with light mass my, and
£4(p1,p2,q1,q2) is given by the following identities:

L4(p1,p2,q1,42) = 27 (01,02, @1, 42) + hEY (1, o, a1, 42),
dp ny=2
24(10)(1’1,172,(]17112 / d( ~ ) ( )(pl,pz,(h,(h)
dp (n
21(11)(1’1,172;%7112 / pd( = 1) y(l)(pl,pz,QhQQ)

()( 1 =1

5 (Qr()N" QL (1)) (Qr(p2) A" QF (a2)

(@ () A QL () (D (P2 A Q%<q2>>},

p15p25q17QQ) = 32 {

IV 1. p2s 01, 02) = ;—f{%@iz(mwg;(ql) ~ Qn(p)A"SH(@))(Cp(p2)X* Q] (a2))
+ (Sr(P1) YA QL (61) — Op(P1) 7w A Sk (a1)) (Qp(p2) Yy A° Q%(fp))}

o { 2 QP10 X R 1(01)+ R 010X QL (01)) (T p2) N 03 (02)
+ QRPN R, 1(@1) + R (01)A* Q) (41)) (D1 (p2) 100\ Q% (02))
+i[(Qr(P1)10v A RE 5.1 (61) — R (P70 A Qh (1))

% (O (P21 X Q2 () — (o o)]} o). (4.9)

o/ (p), @f(p), Rgg(p), ﬁio,(p), S/ (p) and gf(p) in the previous equation are defined by
the following equations:

Q' (p) = ¢/ (wyuby (p), 9 (p) = ¢/ (wu;(p),
RLy(0) = (—0paly () + Ay (W)utrr(p),  Rig(p) = (—0pallhy (1) + Aby (u))u 4 (p),
Sp) = X“"( Jpo Ry W s (p), §(p) = %%@W%,

where u = \/1? and the derivatives with respect to u are denoted by the super-script /. The
functions ¢(u), Age (1), Aae(u) and xao(u) are given in terms of modified Bessel functions
in eq. ([EJ) of appendix [E].

To obtain Eg}f =2 (z) in eq. (f.8), averages over the SU(3) are to be carried out with
the help of the first three equalities in eq. (E.2) of appendix [E. Notice that if we set h = 0
in eq. (.g) the ordinary 't Hooft vertex for two light flavours [fl, B] is recovered.

As in the one-flavour case, we expect that Eiﬁf =2 (z) in eq. ({§) gives the correct
Physics in the low momenta limit: p;p < 1,¢;p < 1, i = 1,2. In this limit, £4(p1, p2, ¢1,92)

boils down to

L4(p1,02, 01, 92)
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203\2 _ _
- [ %00 | 5 (5 ) A nN 1 100) ol 1)
+ 301 P A1 1(00) B r (P21 A2 1 (02)) }
203 2 . -
[ % a0 | g () (B alp)B0) - 0N 1 £0)) o mlpw) 0 10)
+ 3¢y (PO (P1) Y — Y Oq)IA Y1 (1)) (©a g (P2) Y A W2 L(g2)) }
+(1 - 2)],
where
O(p) = ﬁ (0 — 0)ppuyy and O(p) = ﬁ (0 = 0) 18Py (4.10)

To obtain eq. (f.1(0), we have used the approximations in eq. (E.4) of appendix . Of
course, if the contributions linear in #¥ are dropped one obtains the ordinary contributions

in ref. 3]

4.3 Three light flavours

We shall finally give the effective Lagrangian, E,(a?ff =3) (x), for the case of three light fermions:
the fermionic action is the action in eq. (f.]) for ny = 3.

Let us first introduce some notation. Vy(z,15,1y) is defined by

(z, g yp) = /H dp] dq] 7€ —i(Cia pi- T w)e

X [374 (p1,p2,q1,q2) + hyil)(z?lapm q1, QZ)]7

once 1 and ¢y are replaced with 1y and 1, respectively, both in y§°> (p1,p2,41,q2) and

yzgl) (p17p27 q1, q2) y4§0) (p17p27 q1, QZ) and yil) (p17p27 q1, q2) are given in €q. (@) yZ(x7 wf)
shall denote the same quantity that occurred in eq. ([.§). Then, Eiﬁf :3)(3:) is given by the
expressions that follow:

/d L% /d4 /d'odnf o) TI mgp+ Yo, p)]
F=123
/d4 /dp = 3 [m1P+3}2(33 V1) Va(w, 12, 13)
+ [map + Va(x, ¥2)| Va2, 91, ¢3)
+ [m3p + Va(z,v¥3)] 4(56,1#1,?/)2)}

3 3 3
dpj dq]'
+/H (27‘1’)4 (27_(_)46 ]le.]_zq‘y 26(plap2ap37qlaq25CJ3)a

j=1

where

0 1
26(p15p27p37Q17q?5q3) = Eé )(p15p25p35q17QQ5q3) + hgé )(p17p27p37Q1,Q27QS)a
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dp (n
EéO)(plaP%PSaQMQ%%) = /p d( = 3)(p)|:

_ip3{d {‘i@l( QL (01))(Qr(p2) X Q2 (42)) (T (p3)A° Q3
64 abc 5 r(P1) £(q1))(Qr(p2) 1.(42))(Qr(p3) 7.(q3))

(5@ QL) Qo) N O ) T NG a0) + (3 1)+ 3 2)) |
2 Fure( @1 )105X QL (00)) Qi p2) 5N Qi<q2>><@i<pgmaw%<q3>>} ] ,

dp (no—
28 (01,2, p3, 41, 42, 43) = /p—gdé = (p) [

2 { |~ = ShlpN O} ) ~ Qo) S} 00 (T2 0 ) @p)X O 1)
2 (b1 9A" QL) 11w\ () (D2 X' Q3. 02)) ()2 4)
H3 = 2) + Sp(p)X Q}(a1)~Cpp) XL (1)) (Cpp2) 1 A" QF (42)) (T (03 A Q1 (43)))

= (S (p1) a3 Qb (01) ~ (91128} (41)) Qi p2) 853" Q3 (02)) (Db 150 A QY a)

| o
2 QP00 X R 1(01) + R P10\ QL 01)) (@ (p2) X' Q5 (42)) (@ (ps) N )
~ (PN RE 5.1 (1) + R g (01)A* Q) (1)) (Qre (02) A Q3 ( 2>><QR<p3>%aACQ3 (43))
+(2 < 3)) = (Qr(P1)Voa ARy 1(01) + Rag (1) 700 QL (01))(Qr (p2) 7 A Q3 (42)) -
(Q(p3) A Q3 (43)) + 1 (Qr(P)Vor A Rl 1(@1) — R (P10 A Q) (a1)) -
(@)1 @02 TN @ () + (2 > 3) = (> )| + 3 e
(Qr@ON"RL 1(@01) + R g (01X QL (01))(Qre (p2) 700 A’ Q3 (42)) Qe (p3) 100 A° O (45))
—(a = 0)) = 2i((Qr(P1) W A R ,1(@1) = R, 0 (p1) 70 A Q1 (1)) (i (p2) 0 X’ O3 (2)
(@hlpa)iaa X Ohan)) = (2. )]} + (L 2) 4 (1 3),

To obtain the average over the SU(3) orientations leading to the previous equation, we

have employed the last integral in eq. (E.J) of appendix []; some values of the structure
constants of SU(3) were substituted. The low momenta — i.e., p;p < 1,q;ip < 1,1 =1,2,3
— approximation to Lg(py,p2, p3,q1,q2,q3) can be worked out with help of eq. (E.4) in

appendix []. We display the value of Lg(p1, p2,p3,q1, g2, ¢3) in this low momenta limit in
the following equation:

dp (n;=3) —i33\ [ 4r?p? 3
e ~ 5= (p) [~
6(p1, P2, D3, q15 G2, q3) /p (p) ol 3

dape | — %@1 RPN V1 L(q1)) (g g (p2) A Y2 1(a2)) (V5 r(P3) A U3 1.(g3))

+%(@1 RV A1 L(01)) (Vg m(02) Y A2 £(42)) (V3 m(P3)APs L(g3)) + (1 < 3) + (2 < 3))
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*%fabc(a1 r(P1)VasA V1 L(01)) Wy 5 (P2)785 A %2 1.(42)) (V5 g (P3) V50 A V3 1(g3))

+h{dabc { - %5@1 r(P1)[O(p1) — O(q)IA"¢1 L(01)) (g g (P2) A2 £.(g2)) (V5 g (p3) A Y3 L(g3))

2 (@ IO~ 3 Q@I £00)) B 21N 2 1 (02)) (B (s X5 1.(05))
+(2 “ 3)

+(11 r(P1)[O(p1) — O(q)IA U1 L(01)) (P2 r(P2)Vur A2 £.(42)) (V3 g (P3) Vi A3 1(g3))) | — %
Fave(W1 R(P)[O01)705 = Yas0(@1)]A 1 L(@1)) (D2 g (p2)785 A2 1.(02)) (V5 £ (P3) V60 A3 £.(43))
+(1<2)+(1<=3)}.

O(p) and O(p) are defined in eq. ([-10).

5.

In

Summary and outlook

the main body of this paper, we have obtained the following results for noncommu-

tative SU(3) gauge theories with one, two and three light Dirac fermionic flavours, when

(E

uclidean) time is commutative:

i. There are no solutions at any order in the formal power expansion in h6" to the

ii.

iii.

noncommutative (anti-)self-duality equations. This result holds for SU(NV) as well.

At first order in h6"”, ordinary instantons can be given a §*”-dependent piece so that
the resulting field configuration satisfies the noncommutative Yang-Mills equations.
This field configuration — that we have called first-order-in-6-deformed instanton —
has instanton number equal to one, and interpolates, along Euclidean time, between
vacua that differ in one unit of the winding number. We have also computed the most
general first-order-in-6-deformed instanton.

We have shown that in the first-order-in-6-deformed instanton transition a coupling
between light left handed and right handed fermions is produced, thus showing that
the classical U(1)4 symmetry of the massless theory is broken at the quantum level.
We have computed the 't Hooft vertices that describe this coupling and seen that they
receive contributions that are linear in h6*”, these contributions being nonlocal even
in the low momenta limit.

In the appendices — see appendices [A], B, and [d, respectively —, we have further

obtained that

i. the self-duality equations for noncommutative SU(NN) Yang-Mills theory have solutions

that are formal power series in hf*¥ if, and only if, " is self-dual. These solutions
are the ordinary instantons and multi-instantons. Analogously, the noncommutative
anti-self-duality equations for SU(N) have solutions that are formal power series in
ho*¥ if, and only if, *¥ is anti-self-dual. The solutions in question are the ordinary
anti-instantons and anti-multi-instantons,
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ii. that all the noncommutative classical vacua of the noncommutative SU(N) Yang-Mills
theory that are formal power series in h§*” are given by the Seiberg-Witten transform
of some ordinary vacua ig(%)0;g(Z)!, where g(%) is an ordinary gauge transformation,
and

iii. that the corrections to the zero mode of the #-deformed Dirac operator can be worked
out explicitly — this we have done — at first order in h#*” for an arbitrary first-order-
in-6-deformed instanton.

The analysis and computations carried out in this paper should be extended at least in
two directions. On the one hand, it would be very interesting to see whether, for commu-
tative time, there are topologically nontrivial solutions to the noncommutative Euclidean
classical equations of motion that are not formal power series in h#*”. This is a highly
nontrivial issue since the action of the theory has been defined so far as a formal power
series in hA*”. Some kind of re-summation of the power series expansion would thus be
needed, or, perhaps one should define the Seiberg-Witten map by expanding it in terms of a
different object [PQ]. On the other hand, it will be interesting to work out the second order
in hO" corrections to the instanton density and 't Hooft vertices that we have obtained.
This is quite an involved computation since it will demand the use of the constrained in-
stanton method [Bg, 9] or the valley method [ F3J] to carry it out. Indeed, as we show
in appendix [D, there are no topologically nontrivial field configurations that are formal
power series in h#* and leave the noncommutative SU(N) Yang-Mills action stationary at
second order in hf*. Actually, at second order in h#*" | the size, p, of the first-order-in-6-
deformed instanton does not yield a zero mode of the quantum bosonic kinetic term in a
background that differs from our first-order-in-6-deformed instanton by a term quadratic
in h6*. Indeed, as can be shown by substituting the r.h.s. of eq. (B.14) in the r.h.s. of
eq. (B-10), the noncommutative action acquires a dependence on p of the type ot

g _ 872 n 8h?% 12

(0" — 6")* + O(h*6%).

Notice that if we add to our first-order-in-f-deformed instanton in eq. (B.14) an arbitrary
piece that is quadratic in h8*, the previous value of Sxcym gets no correction at second
order in h#"”. Now, p gives rise to a quasi-zero mode in the sense of ref. [({], so that the

technique developed in the latter reference can be used to compute higher order corrections
in hg*.
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A. Perturbative solutions to the (anti-)self-duality equations

In this appendix we shall consider an arbitrary 8*” and seek for topologically non-trivial
solutions, a,, to the noncommutative (anti-)self-duality equation — eq. (B.9) — that are
given by the formal power series in h6"” in eq. (R.1I]). Throughout this appendix the
noncommutative gauge field and field strength will be defined in terms of the ordinary
fields by means of the standard Seiberg-Witten map — see eqs. (R.1]) and (.3). We shall
show that for non-vanishing instanton number the solutions we seek for exist if, and only if,
6" is (anti-)self-dual and, further, that these solutions are the ordinary (anti-)instantons
and (anti-)multi-instantons. In this appendix 7, shall denote the dual of a given tensor
V' Uy = %GMVPUUPU'

The expansion of a,[h] in eq. (B.11]) leads to the following expansion of its field strength:

Furlh] = £+ 37wl (A1)
=1

where f,(B is a homogeneous polynomial in 0*” of degree [. Substituting in eq. (R.3), both
the previous result and eq. (R.11), one obtains the following expansion of F},[a,[h]] in
powers of hg*":

Fulaoh)]) = £+ 0+ > wrELh, (A.2)
=1 1=1,k=0

where F,%,k) is given by

F(l,k): 1 dk: dlfl °

4 = e e Pl (A3
ay[t] is obtained from a, [h] in eq. (2:1]) by replacing h with ¢. l%’w, [a,] is equal to %Fw/ [as]
as defined in eq. (24).

We shall show below that F),, [as[h]] as defined above — see the previous equations —
is self-dual with non-vanishing Pontrjagin number if, and only if, both 6,, and f,,[h] in
eq. (A.D]) are self-dual. We shall carry out this proof by induction. At order h® and h, the
self-duality equation for F},, [a,[h]] in eq. (A.9) is equivalent to

1) =1 (A4)

and

W+ FLO = fU 4 B0, (A.5)
respectively. Since we shall look for solutions with a non-zero Pontrjagin number, we must
demand that fﬁ) does not vanish — see eq. (2.§) — and recall that f!(ulj) does not depend
on h. Now, working out the trace over the SU(N) generators on both sides of eq. ([A.H)
and using eq. (A4), one obtains the following equation:

1 ~

DSl + (13 + (753 )0~ B) = 0, (A.6)

a
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where “a” is the colour index of the field strength. Now, for a non-zero f;(uo,), this equation

holds if, and only if, 8,,, is self-dual. For a self-dual 6,, and a self-dual f;(uoj), eq. (A2F) boils
down to

) = 1. (A7)

To show that if 6, is self-dual, the self-duality equation for F},[a,[h]] in eq. (A.2)
is equivalent to the self-duality equation for f,, in eq. (A1), we shall prove first — by
induction — the following statement: if 6,,, f!(uo,),. . fﬁfl) are self-dual, then, so are
Fm0) - pmk=1) for all m > 1.

From egs. (A.3) and (B.4), obtains that

1 1
1,1) _ KA m (n) KA m n
RO = X (G0N A - 10 [0+ DA™Y ).

m—+n=I[

For [ < k — 1, the previous expression involves f,(]f), m < k — 1, which are self-dual by
hypothesis; this clearly makes the second term in the previous expression self-dual in u, v.
The first term is also self-dual in p,v as a consequence of the self-duality of 6,,, the

self-duality of f;(tzn), m < k — 1, and the property
€uvaBEvoNG = 5,”5,,550{)\ — ()\ — 5) + 5M55V)\56W — ()\ — 'y) —+ 5“)\(%75&5 — ('y — 5). (A.S)

This proves the previous statement for m = 1. We shall assume in the sequel that the
statement holds for m < n — 1. Now, egs. (A.3) and (R.4) lead to

e 4 (30" M Fulao (1)), Forlao ]} — 10" Axlao[1]], (01 + D) Fwlao []}4) |_i—y -

(A.9)
Taking into account the degrees of the derivatives in the previous expression, one readily
realizes that the F,%l)’s that occur on the r.h.s. of this equation have ¢ < n — 1,1 < j.
These F, ,Sﬁ] Vg are, by hypothesis, self-dual if j < k—1. One thus concludes that the second
term on the r.h.s of eq. (A.9) is self-dual in u,v. Eq. (A.§) and the fact that 6,,, and Féf}l),
i < n, | < k are self-dual imply that the first term on the r.h.s. of eq. (A.9) is also self-dual.
This concludes the proof of the statement made at the beginning of the paragraph starting
right below eq. (A.7).

We are now ready to go on with the proof that the only topologically non-trivial
solutions to eq. (R.9) that are formal power series in h9** are the ordinary instantons and
multi-instantons. Using eq. (A.J), one readily concludes that the contribution of order hk
to the self-duality equation for F),, [as[h]] reads

k k
FE 4 iR = fB) 4 N k), (A.10)
m=1 m=1

Let us assume that f!(uo,),. . f!(/,i_l) are self-dual, then, the statement made below eq. (A.7)
leads to the following result: F("+=m) 1 < m < k are self-dual. This result and eq. (A.10)
imply that whatever the value of k > 1

I =T
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We have thus shown — recall egs. (A.4) and (A.7) — that F,, [as[h]] in eq. ([A.2) is self-dual

if, and only if, both 6, and f;(/,i), Vk, are self-dual. Hence, the noncommutative self-duality
equation boils down to the ordinary self-duality equation, when one looks for solutions that
are formal power series in h#*” and have a non-vanishing Pontrjagin number.

One may readily adapt the procedure carried out above to analyze the existence of so-
lutions to the noncommutative anti-self-duality equation that are power series in h6*. The
noncommutative anti-self-duality equation reads Fj, [as[h]] = —F.[aq[R]], with F,,[aq[h]]
defined as in eq. ([A.J]). It turns out that in the case at hand eq. ([A) is replaced with

Lr .0 0 0 5
S SLUD+ (F2 + (520 + B = 0.
a
Hence, only when 6, is anti-self-dual does the previous equation hold for fﬁ) # 0. By
replacing self-dual objects with anti-self-dual tensors in the analysis above, one finally
reaches, with regard to the noncommutative anti-self-duality equation , the conclusion

stated at the beginning of this appendix.

B. Classical vacua of noncommutative SU(N) Yang-Mills theory

In this appendix we shall show that, in the temporal gauge in Minkowski space-time —
ao(t, ) = 0 — and for commutative time — 6% = 0 —, any gauge field a;[h](, ¥) that is a
formal power series in h6*” defines a classical vacuum of the noncommutative SU(N) Yang-
Mills theory if, and only if, there exists g(Z)e SU(N) such that a;[h](t, %) = ig(Z)0;g(F)T.

Let us work out first the Hamiltonian of the theory defined by the action in eq. (R.5)
rotated to Minkowski space-time and the standard Seiberg-Witten map in eq. (R.I). It
can be shown that if % = 0, and ag(t, ¥) = 0, no time derivative occurs in A; and that Ag
is linear in dya; = a;:

A;=a; +M; [ak, 8kaj]; Ag = Lé[ai, 82‘61]', ak]dl.

The field strength F),,, of this noncommutative gauge field reads:

Fyj = fij + Rijlak, Opam], Ryj=Y" thEj-’,
>0

Foi = 4; + SGlar, 0z, 0, S5 =Y hlsil. (B.1)
>0

Substituting this expression in eq. (@) rotated to Minkowski space-time, one obtains the
Lagrangian L[t,y] of the theory in the temporal gauge. This Lagrangian is quadratic in a;
so that the conjugate momenta of the field variable a; are defined as usual:

)= [ @£l == {0 2T [ 0 5,710(0), 000,015 - 0, )

afp iars = 2 ire
/d43:71'l- (t,Z)ad(t, @) = 7 Tr /d4yF0jF0](t,y).

,23,



We then define the hamiltonian, H, of the theory as follows
1
M= / de 70 (8, B)al (¢, 7) — / dh L(t,7) = — / d's T (FouFo + Y. FyFy). (B2)
9 1<j
Notice that H is gauge invariant — recall that 6% = 0 — and that it is equal
to [ d3% TrT%(t, ), where T%(¢,#) is 00 component of the gauge covariant energy-
momentum tensor — see [AJ] for further discussion —: TH = —g% Tr (F HEx FY o + FV %
Pty — Ly pod o F(w).
The classical vacua of the theory are defined by those a;[t, Z] that minimize the hamil-

tonian given in eq. (B.3). Since the fields F},, are self-adjoint, H is positive-definite. Hence,
the vacuum configurations are those which verify

Foi(t, %) =0, Fi(t, %) = 0.

Let us assume that a; and f,, are given by the expansions in non-negative powers of

hO* in eqs. (R.11)) and (@) Then, eq. (B-1) leads the following expansions:

Fy = +Zhl +Zzzhl+s+t56(ls - (t)

>0 >0 s>0 t>0
Il l—s
_ aEO) + Z hl <a§l) + Z Z Slc](s,t)af (l—s—t)>7
>0 s=1 t=0
k
crk) _ 1 d¥ ey ), 11
S5 " = S la © + nta®]|po.

Hence, Fy; = 0 is equivalent to the following set of equalities:

l

+ZZSC(St lSt):O’ 1>1.

s=1 t=0

It is easy to show by induction that the solution to the previous collection of equations
reads:
i) =0 = o’ =@ 1>0.

This leads to the conclusion that, in the temporal gauge, the classical vacua of our non-
commutative theory are given by time independent gauge fields, say, a;[h|(Z), at least if
they can be formally expanded as in eq. (R.11)).

Now, for a field configuration of the form of eq. (.11]) with field strength as in eq. (A.),
F;; in (B.J) takes the form:

Fiy = £ 4 2050+ 30 WHEEY = 1) +Zhl<fz(f +Z - k)

>0 1>0,k>0 >0

pOR _ L4 po 0

l 1
ij wank b oo, Fyjlai] =

v

1 d-! [dFij

nan=1 | an ][GEO)JFtlaEl)]\h:o,tﬂh
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where, dgﬁ” is given in eq. (@) We thus conclude that F;; = 0, is equivalent to the set of
equations
0 g
N o _ (B.3)
f 4 S B =0, 1>
Now, it can be shown by induction that f,, = 0 implies Fﬁ,) la,] = 0, VI. Using this

result, one can prove that
Fit =0, if fIV=0, 0<n<k

Furnished with this result, one readily shows that the solution, a;(¥), to eq. (B.3) must
satisfy
=0, 1>0 & f;=0

i.e., a;(Z) is a pure gauge: a;(%) = ig(Z)9g' (Z).

C. Zero modes in the instanton background

In this appendix, we shall work out the zero modes — that we shall call bosonic zero

ggsing)]

modes — of the operator Mffl’, [a in eq. ({.4) and the zero mode — referred to as the

fermionic zero mode — of the operator K[a&gSing)] defined in eq. (E2).

C.1 Bosonic zero modes

As in the ordinary case — see ref. [l —, the zero modes, 5iau(az), of the operator
MZ?/ [afrgsmg)] in eq. (£4) are given by

i aaggsing) (x> 7.7) in, i
(SZCL“ = 8—% — @[(Z((Tgs g)]uQZ.
{7} denote the collective coordinates of aflgsmg) and Q is a gauge transformation that
makes 5iau satisfy the background field gauge condition @[aggsmg)] u‘;iau =0.
There are, of course, twelve zero modes — as many as the number of dimensions of
the moduli space of our first-order-in-6-deformed instanton. Let U denote the rigid SU(3)
transformation that relates a'®*™® and a5 — see eq. (B.19) — and let a>"®" denote the

upper-left-hand corner embedding in SU(3) of the ordinary BPST instanton in the singular
gauge. Then, the zero modes we look for read

St — aa(ygsing) +U(®[GBPST] aBPST)UT
1% axou o 14 12 bl
(gsing)
0fa, = o = ,
dp
8%, = U D[ag"™"] 27702Ta U, ae{1,2,3}
H o H 7”24‘[)2 ’ » < ’
: 72 ih  (4p*r3 + 3r°) ~
« _ sing e _ = aoc £8cdrd t
1) aﬂ = U<®[CLU ]H [2 —T2+p2 T + 4\/§p2 (7‘2 +,02)5/2 (9 H)ponapaf f T U
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a€{4,5,6,7}, a,c,d € {1,2,3}.

We have used the following notation r = /(x — x¢)%. T a = 1,2,3 are given by the
embedding the of generators of SU(2) into the upper-left-hand corner of he generators of
SU(3) in the fundamental representation. The generators 7% and T7°, and 7% and T7,
form doublets under the action of the SU(2) subgroup generated by 7%, a = 1,2,3. The
remaining generator T® is a singlet under the action of this SU(2) subgroup. The limit
h6" — 0 of the zero modes above yields the ordinary zero modes computed in ref. [[if].
The Jacobian, J(7), of the collective coordinates is given by the following expression

1
J(v) = ——+/det ,
where the metric, g(7), of the moduli space is given by:
» 92 . .
§700) = 5 Tr [aloSa,e,90)8 0z, 0).

Of course, there are no contributions to g(7;) nor J(v) that are linear in h6*”: they are
proportional to h6,, gu., g,w being the space-time metric. Hence,

146 .3 214

1 7op _ 767
J(7) = =5 /det g = e (128 p* — 25 1% (0, — O,0)?] = —5— + O(h?6°).

(27)

C.2 Fermionic zero mode

9

It was shown in ref. [41]] that, as a consequence of there being an U(1) 4 anomaly, the index
of the operator K[a,| is one if a, has Pontrjagin number equal to one. Hence, a least in
perturbation theory of h0*”, Kla,] has a unique zero mode — which turns out to be right
handed — with unit norm. In this appendix we shall explicitly construct such zero mode

at first order in h6"” when a, = al(tgsmg). The unit norm zero mode of K[a&ggmg)] defined

in eq. (:2) can be obtained from the unit norm zero mode of K[affing)] by applying an
appropriate rigid SU(3) transformation. Let us then solve K[afflng)]¢0 = 0 at fir st order
in h6*. To do so, we shall expand vy in positive powers of hf*” with coefficients that are

square integrable functions. Up to first order in h6*", we have
vo =i + by + O(h*0?),
where 1/)((]1) is linear in *¥, and ¢(()O) and ¢(()1) satisfy the following equations:

PlaEy = o, (C.1)

, 1 1
Pl = i bt + S00malin DlaZ T att” — Gag (D12 55w

BPST

o5 | denotes the field strength of a,”®", both being in the singular gauge. Recall that

aSing) _ QEPST + hbw with

ﬁa;w (x - xo)va a
(= 20)?[(x — w0)* + p?]

aEPST(x) —

)
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The first equality in eq. (C.J]) is the ordinary zero mode equation. Its solution is well

known [Bg. It is the following spinor with positive chirality:

ZZ)(()(,]i)m = —_ ipz)?)/z [(1 +75> (7 — 40)} y . (C.2)

Note that 4, j stand for spinor indices and m, n for colour indices.

Now, using the properties of the Gell-Mann matrices, one may show that the second
equality in eq. (C.I|) implies that the third colour component of 1/)((]1) must vanish, if it
vanishes at infinity. Hence, the second equality in eq. (C.1) can be reduced to a equation
with colour indices belonging to SU(2) — in the fundamental representation — upon
replacing T8 in b, with \/_ I. This we shall do.

The term on the far r.h.s of eq. (C.1]) can be expressed as follows:

h
DBPST <_§ Haﬁfaﬁw(()())> )
Let (%) be defined by the following equations:
a b a 1
d) =90 s 0 = 2 bapfapty - (C:3)
I (1b)
n terms of ¢y, eq. (C.1) reads

D M = il + eamePSTD[ BPST) ) = R, (C.4)

To solve the previous equation we shall adapt to our case the technique developed in
ref. [f7]. Let us decompose first 1/)((]0), R and Q,D((]lb) into its positive, R, and negative, L,

©_| 0 _ | R 1 I
= 5 9% = s rl,Z) .

Then, when expressed in terms of the bi-spinors WL /R and R, defined by the equations

chirality parts:

(W1 R)im = (W1)R)im(07)ji
(RL)im = (Re)jm(0?) i, (C.5)

eq. (C4) yields

(0 — 1S ay = 0

() — ial™S )y v, = M.

where o, is defined in appendix H.
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It is well known [B9] that there is no non-vanishing square integrable 1/’ ; that is solution
to the first equation in eq. ([C.6). To find ¢’ that verifies the second equality in eq. (C.6)),

let us first express ', R and a; *Tin terms of ay,, @), — see appendix [ —, o, = (7, 1)
and o, respectively:
. 1_
(¢/R)im = Mu(au)mi; (%,L)zm = k,u(au)mi = k4 6zm + Zk;w (O',uu)mi / k;u/ = §nbuykba
2
BPST _ oo o) =0, log A, : A=14—P C.6
ay, O-M()O77 SO Og 0 +(.%'—1'0)2 ( )

By substituting the previous expressions in eq. (C.4) and then using the equalities in
eq. (E.1)), one obtains the following equation:

. 3
10 (20, M), — @, M, — k) + <8MMM + §<pVMV — k4> =0. (C.7)

Taking traces leads to the conclusion that each summand in the previous equation must
vanish independently. The following definitions

4
A
allow us to show that eq. ([C.7) is equivalent to the following pair of equalities

M,=MN"2N,, N,=38,~+,X,,, X, anti self-dual, (C.8)

VL

2k,
0X,, = — L
kg 0, (N\?0,X,,)
D¢ = \5/2 \ ) (C.9)
where
ky = 0,
1
kpa = Mpo — 5 €poapMas,
Mpe = V2 (0,517 — 4Az3AZ 0,5 + 4AAT5A 2,0 )+1Ae r2(r?4 3)\2)
po 271 (r24-p2)9/2 po pRLpYop BRLoYpp) T G po )

Az, = (x — 20)0-

The general solution to eq. (C.9) is the sum of a particular solution and the general
solution of the corresponding homogeneous set of equations. A solution to the first equality

Xﬂv(x)part — i /d4y ! kuu(y)

2 (=) /Ay)

Recall that —ﬁ(_% is a Green function of the Laplace operator in four dimensions. By
z—y)

in question is

substituting k4 = 0 and the previous value of X, () in the r.h.s. of the second equation
in eq. (C.9), one shows that this r.h.s. vanishes. Hence, ¢part(z) = 0 and X, (2)part above
constitute a particular solution to eq. (IC.9).

Adding to this particular solution an appropriate solution to the corresponding homo-

(10)

geneous set of equations is equivalent to adding c(0) 1/1(()0) (x) to the wélb) — call it g0 —
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constructed from @part(z) = 0 and X, () part right above by using egs. (C.§), (C.4), (C.5)
and (IC.4). ¢(f) is an arbitrary coefficient linear in #*”. Normalization to 1 of vy renders

¢(0) equal to zero, for 1/)((]0) has unit norm and w((]lgart = (()la) + ¢(()1;2rt is orthogonal to

(()0) —( (()O),wélp)art) is proportional to 0., g,u, g being the space-time metric. We thus
conclude that Q,D((]lb) in eq. (C.3) is equal to ¢(()1;0)M, so that we finally have

oiim = Vot & Vi

= (1))
mpr (r? + p?)7/? 2 )",

{ ~ ~
X{E(;c = 20)p | (0= 0)po (4r* + 14720%) = 65*(0 + 0) o | €5

Tl 1
+2 P4 Oary (T — T0)o [ jz - - 4 5044 €jn TW,mTL}' (C.10)

T are the analogs of o, in SU(2) colour space.
Finally, by acting with the appropriate SU(3) transformation, U, on 1/)((]0) and 1/)((]1) in
egs. (C.9) and ([C.1(), one obtains the unit norm zero mode of K[aflgsmg)]. This zero mode

reads
o =40 + 91 + 4, (C.11)
where, writing these right handed spinors in two-component notation, we have:
Vim = (@) (& = 20)u(@)ij€nUnmn,
wlaz‘m =nh [Fa’y(x) (T —20)al(r — 20)y + Avv(x)] (z — xO)ﬂ(au)ijejO(T’w)noUmm
im = MXao(Z) (T —20)a(0s)ij€inUmn- .
9 = hxas(#) (2 = 20)a(@)ijejnl (G12)

The functions ¢(x), I'ay(x), Aay(z) and Xao(x) are defined thus

290{7/03 A (,I) — ea’ypg
ar3(r2 4 p2)7/27 2mr(r2 + p2)7/2’

o(x) = ma Lay(z) =

i
- 12mpr(r2 4 p2)7/2

Recall that r = \/(z — x0)2.

Xeo () [(9 — ) oo (47" + 14r2p?) — 6p*(0 + 0) 0y | - (C.13)

D. Topologically non-trivial field configurations at higher orders in 6*”

In this appendix we shall show that, if 6% = 0, i« = 1,2,3, no topologically nontrivial
field configurations can be found that a) are formal power series in h*” and b) at second
order in h6* solve the equations of motion of noncommutative SU(3) Yang-Mills theory.
To show it, we shall use the technique devised in ref. [@] Thus, we shall consider the
behaviour of action in eq. (B.§) under the following infinitesimal changes of scale:

a, = Aay(Ar), A =1+0), (D.1)
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where a,, satisfies the equations of motion. The action can be written as:

Snoym = Y k"8 Z h" / d*x £[a, 8, (D.2)
n=0

where £ is the term of the lagrangian of order A", which, due to the fact that £
contains n powers of 0#”, is a polynomial of mass degree 4 + 2n in a, and 9,. Hence,

/ d LM Na(\x), 07 = x4 / dYy L [Na(y), \0¥] = / d*y Lla(
Thus, under the change in eq. (D.1]),5™[a] in eq. (D.3) changes as follows:
S /] = X5 q).

Since we are assuming that the original field configuration a,, in eq. (D-]) is a solution to
the equations of motion, the following equivalent equations hold:

Sla] = SPa(Az)] + O(BN?) & 61> " 2nh"S™M[a] = O(BN) YA & > 2nh" S™[a] =0.
n=0 n=1
(D.3)
Now, let our solution to the equations of motion, a,, be given by the following power
series: a, = Y .- h"a (n). By substituting this power series in S in eq. (D.J), one
obtains SM[a] = 3722, S("vk) [a], S = L d(f:n S™a,]|n=0. Combining this result with
the equality on the far right of eq. (D.J), one ends up with

0o k—1 -1
0=> <Z (k — m)s“ﬂ—mvm)) & 0= (k—m)SF ™™ =0,vk > 1.

m=0

For the action, Sxcyw, to be stationary up to order h!, the previous identities have to be
verified for k < 1. In our case, we want the action to be stationary at order h?, so that we
should check if the following equalities hold:

S0 =0, 28%0 4 gl =y, (D.4)

From eq. (R.5) and eq. (R.§), one concludes that Sxcywm for a field configuration with a well
defined topological charge n reads:

1 1 ~ 812n 1 -
Sneym = g /d &z |:lele (F;w - FW)2 =57 @ Tr /d4x (F;w - FW)2-
(D.5)

F,,, is given by the Seiberg-Witten map as power series: Fj,,[ap] = fu + > 150 hFW®.
(n)

When evaluating these terms for the solution a, = >.,°  h"a,’ we get again F,SZ) la,) =
> e OFW [ap], thzm) lap] = %ﬁz—mmFlSZ) [aplln=0 and f, = fwof) + 20 hk f;(tlz)- Hence,
S0 gL and SG9) in egs. (D.3) and (D:4) are given by

1 ~ -
SO0 = o5 [abe (1 - FOFLY - V).
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1 _ - - -
500 = oL [ate [(5) - FRIEL = )+ (2 — DL - F0))

1 - -
se0 = L e g0 — Fg - ) +

4 1,0 r~(1,0)\2
> Tr/dx(FLEV)—FL(W )2,

4g?
In section [, we saw that the most general solution to the equations of motion at order
h is given by

7
a, =U <a5PST +RSTS + 1y sza> Ut (D.6)

a=1

where bi is given in eq. ([B.14), hZZ:1 b, T* is any linear combination — with coefficients
linear in h6*” — of the ordinary bosonic zero modes [l — i.e., the solutions to eq. (B.11)
— and U is a rigid SU(3) transformation. For a field configuration of this type, we have
S1.0) = 0, for fot = fff ST The first condition in eq. (D.4) is thus automatically satisfied.
Notice that eq. (D.§) tell us that any contribution of order k262 to the classical solution
in eq. @) yields a contribution of order h36> to the action Sycym. We will show next
that the second condition in eq. (D.4) is violated by the solution in eq. (D.F), so that it
is impossible to find a field configuration with non-zero topological charge that makes the
action stationary up to order h202. First, F(1) and F(29 do not contribute neither to
S nor $0), Now, taking a closer look at the structure constants of SU(3), one sees

that the contribution to St of A3, b, T is zero:
1 ~ -
S0 = Lo [t (TS - ST B, 0% = 0,08 - o

By evaluating S0D and S@9 for the field configuration in eq. (D.§), one obtains

SO fay) = = (B — G )? :
0! 2520 4 gan = 10T g 2
2 AN Vi
520[q,] = %( = 0,)? 79°p
g°p

so that eq. (D.4) is violated and, furthermore, this happens independently of the arbitrary
part of the solution in eq. (D.§). Hence, the only way to make 25(20) 1 §(L1) zero is by
taking p to infinity, which would turn our solution into the trivial one.

This conclusion still holds for the most general Seiberg-Witten map at order h, given
by eq. (B19). It turns out that the expression for SM) obtained with this map is the
same as the one derived with the standard map for arbitrary a, tending to zero at infinity.
Therefore, the field configuration in eq. (D.) is the most general classical solution at order
hO*” with unit topological charge for an arbitrary Seiberg-Witten map. When checking
whether the conditions in eq. (D.4) hold, the values of S0 and SO are unchanged
since so is SU. It can also be seen that, for field configurations that are 6 dependent
deformations of the ordinary instanton, the value of S is the same for all the Seiberg-
Witten maps. Therefore the conditions in eq. (D.4) are always violated, and this concludes
the proof of the statement made at the beginning of this section.
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E. Some conventions and formulae
In this appendix sundry formulae are collected.

E.1 Spinor matrices

op=(0,i), Tu=(-7,i), oy=(-ic,0)=—io,, a,=(c,I)=io,,
_ 1 _ _ 1 1 _ _ 1_
Ouy = 4—1,(04“041/ - Oz,,Oéu) = 577a,ul/0'a§ Ouy = 4_2.(04}10‘1/ - a’/aﬂ) = 5 Naywas
a0y = Gy + Qiaum (El)
and analogously for the SU(2) generators 7%, a = 1,2, 3.
1, - _
€10 = +1, €im€Ejn = g(au U;")ij(TM T ) mn-

ay —I 1
Vo= | .Y = 23 = s Y = g [V W
ay, I
E.2 SU(3) averages

/dU:l,

1
/ dUU; Uty = 5 djadi,

[, Vs = 55 G i,
g 0100 000 (W0, (W)
/ AUV, U 116, Uinas U oy Uigas U gy = %5j1a16i1b16j2a26i2b25j3a35i3a3
+4 : :1,) 3 (A j1a1 A saas (A irby (A2 inby 0 jsas Oigas + (3 > 1) + (3 < 2)]
+8.§—.8 dijidabe (AN )jrar (V) jaas (A" jaas ANy (A )izbs (A)ighy
b Bt O V) s Oy O W)sia Wiy (B2

E.3 Fourier transform and low momenta approximations

Fourier transform is defined as follows:

1) = [t i = [y

In terms of the modified Bessel functions I,,(z) and K, (z), the Fourier transform of

the functions ¢(x), I'(x), A(z), x(x) introduced in eq. (C.13) read:

o =201 (2) 0 (2) - 1 () ()]
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Ct) = 520, (15) (%) 1 ()

Naolp) = —572,, L <i>310 (%) &0 (“2).

8ir . d\® 3d
= _— 4 —_— —_——
Xao(P) 45up { (6= 6)ac <dp2 ) T ud

i (G5) p(D) () (®3)

The variable u stands for \/p2. Let  denote derivative with respect to u. We have the
following low momenta — up < 1 — expansions:

27Tp
¢'(u) ~ +O0(u),
F"’ o(u) ~ O(u ) I (u) ~ O(u), T'(u) ~ O(u),
ao(t) ~ O(u),
2
~N —— E.4
XaoW) ~ =27 (0 = B + Ol (.4
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